Mathematical modeling and numerical simulation of magnetic susceptibility artifacts in Magnetic Resonance Imaging

S. Balac^{(1)} and G. Caloz^{(2)}

(1) Département de Mathématiques, Université de Bretagne Occidentale, 29285 Brest, France (Stephane.Balac@univ-brest.fr)

(2) Institut de Recherche Mathématiques de Rennes, Université de Rennes 1, 35042 Rennes, France (Gabriel.Caloz@univ-rennes1.fr)

Abstract

The technique used to spot information in Magnetic Resonance Imaging (MRI) is based on electromagnetic fields. To a strong homogeneous magnetic field (order of magnitude around one Tesla) is added a linearly varying field (around 10�^2 Tesla per meter). When these fields are disturbed by the presence of a paramagnetic material in the sample for instance, the resulting image is usually distorted, these distortions are called artifacts. Our goal is to present a method, assuming the field disturbances are known, to construct the images. A mathematical model of the MRI process is developed. The way the images are distorted in intensity and shape is explained and an algorithm to simulate magnetic susceptibility artifacts is deduced.

Keywords: Mathematical modeling, numerical simulation, magnetic resonance imaging, biomedical implant, artifact

1 Introduction

The Magnetic Resonance Imaging (MRI) technique requires a strong uniform magnetic field B_0 (order of magnitude around one Tesla) to magnetize the sample. Then magnetic field gradients, which are magnetic fields with a linearly varying intensity (around 10�^2 Tesla per meter), are applied to select a slice of the sample to be imaged, this ensures part of the spatial encoding of the MRI signal.

Any perturbation of the gradients can disturb the imaging process and then render the resulting image inaccurate. Sources of perturbations are various. First of all the static field B_0 and the applied gradients are not exactly uniform. However these defects are properties of the MRI device and they are minimized and taken into account in the reconstruction algorithms, see for instance [Weis & Budinsky, 1990] or [Abele et al, 1994].

A common cause for magnetic field perturbations is the presence of an object, like a metallic implant, with magnetic properties different from the ones of the surrounding tissue. As well metallic surgical instruments used in MRI guided surgery are liable for magnetic field perturbations. These pertubations depend on the position, size, shape,

This work was carried out within the framework of the research group G.I.S. biomatériaux métalliques at the University of Rennes 1, France.

and magnetic susceptibility of the metallic objects involved. When the geometry and the susceptibility of the object are known, the magnetic field variations can be evaluated by using numerical methods for bodies of general shape, see [Balac & Caloz, 1996], [Balac, 1997]. The resulting distortions in the image are known as magnetic susceptibility artifacts.

Assuming now that the magnetic field perturbations are known, we want to develop methods to construct the resulting images. A thorough knowledge of the creation of the artifacts is fundamental to understand the imaging process and to establish corrective methods. In the past several studies have been undertaken in that direction, see [Ludeke et al, 1985], [Ericsson et al, 1988] or [Bakker et al, 1993], [Beaumont, 1993] in the attempt of numerical simulation methods. However these studies suffer from too limitative assumptions.

In this paper we develop a mathematical model for the MRI imaging process, which gives rise to magnetic susceptibility artifacts. Then we deduce algorithms for numerical simulations. Our approach has been validated from a computational point of view by comparing real life and computed images and from a theoretical point of view by showing how a perturbation can induce an image distortion. With our numerical code we can investigate systematically the artifact behavior under various experimental conditions. It also can help to design new medical implants that would not be too sensitive to artifacts, see [Chauvel et al, 1996].

Our paper is organized as follows. In Section 2 we present a mathematical model of the MRI imaging process. In Section 3 the model is upgraded to take into account magnetic field inhomogeneities. Section 4 is devoted to an analysis of the model; in particular we explain how magnetic field inhomogeneities give rise to image distortions. Finally in Section 5 we present algorithms to numerically simulate magnetic susceptibility artifacts.

2 The principle of nuclear magnetic resonance imaging

When certain atomic nuclei are placed in a magnetic field B_0 and stimulated by a radio frequency pulse (RF pulse) B_1, they re-emit some of the absorbed energy as a radio-signal. This phenomenon is known as Nuclear Magnetic Resonance (NMR) and the collected signal is the NMR signal. For sensitivity reason MRI concerns mainly the study of hydrogen nucleus. The frequency of the RF pulse by which a given nuclear species (characterized by its gyromagnetic ratio γ) is stimulated (we say that the nuclei resonate) is expressed by the Larmor relation

ν_L = γ 2π B, (2.1)

where B is the modulus of the applied magnetic field. The Larmor relation (2.1) also gives the frequency of the NMR signal.

By analyzing the NMR signal, information about the nucleus density and the chemical composition of the sample is obtained. However this information is integrated over the whole sample. In order to localize where the information is coming from and to get an image of the sample, a spatial encoding of the NMR signal is needed. The tools for spatial encoding are the magnetic field gradients.

2.1 Magnetic field gradients

In the MRI terminology a gradient is a magnetic field applied along the same direction as the main static field B_0 but with a strength that depends linearly on the position. The gradient field strength is much weaker than the one of B_0, about 10^4 times. The major characteristic of a gradient field is the linear variation in its strength along one direction only, the other two directions being not affected. In the sequel the variation direction will be referred as the gradient direction and the linear variation coefficient as the gradient intensity. Let g denotes the gradient intensity, n its direction, r = OP , then the gradient field is expressed by

G(P ) = g(r · n)z; (2.2)

here we will refer to the laboratory coordinate system (O, x, y, z) where z is defined by the direction of B_0 (i.e. z is along the bore of the magnet) and the two other directions x and y are taken arbitrarily.

2.2 Slice selection process

Assume we want to get the image of a plane cross section Π_s through the sample. Let n_s be a unit vector normal to the plane and let C be the point belonging to Π_s such that OC = c n_s, see Figure 1. To select the plane Πs a gradient G_s called the slice selection gradient is turned on when applying the RF pulse B_1. The gradient direction is n_s and for P ∈ Π_s it is expressed as G_s(P ) = gs(OP · n_s)z = gs ((OC + CP ) · n_s) z = gscz. (2.3) According to the Larmor relation (2.1), all nuclei of a given species in the plane Π_s have the same resonance frequency given by

ν_s = γ 2π |B_0 + G_s| = γ 2π (B_0 + g_sc). (2.4)

Moreover, nuclei out of the plane Π_s have a Larmor frequency that differs from ν_s. Therefore if the RF pulse B_1 is applied with a frequency ν_1 tuned to ν_s, then only the nuclei belonging to the plane Π_s will resonate.

2.3 Signal encoding in the slice plane

Let n_r and n_p be two orthogonal unit vectors in the plane Π_s. Let (x_r, x_p) denote the coordinates of a point P ∈ Π_s in the coordinate system (C, n_r , n_p), see Figure 1. In order to get a signal that contains information on the variations of the nucleus density in the plane Π_s two other gradients are used. The read-out gradient G_r is switched on while the signal is collected. The gradient direction is n_r and G_r is expressed as G_r (P ) = gr(OP · n_r )z = gr(CP · n_r )z = grxrz. (2.5) Thus the frequency of the MRI signal given by the Larmor relation (2.1) is ν = γ 2π |B_0 + G_r | = γ 2π (B_0 + g_rx_r). (2.6)

A similar relation between the phase of the signal and the coordinate x_p is obtained by using a third gradient, the phase-encoding gradient G_p. The gradient direction is n_p and G_p is expressed as G_p(P ) = gp(OP · n_p)z = gp(CP · n_p)z = gpxpz. (2.7)

Figure 1: Selection of a slice of the sample.

The phase-encoding gradient is switched on for a brief period T_p before the signal is collected. The phase of the signal given by the Larmor relation (2.1) is

ϕ = 2πν_L(P )T_p = γ|B_0 + G_p|T_p = γ(B_0 + g_px_p)T_p. (2.8)

Thus there exist simple relations between the frequency and the phase of the signal in one hand and the coordinates (x_r, x_p) of a point P in the plane Π_s on the other hand. This phase and frequency spatial encoding will enable, through a Fourier transform of the signal, to obtain an image of the slice Π_s. Note that in both relations (2.6) and (2.8), frequency and phase origins can be chosen so that the constant term arising from B_0 vanishes.

2.4 Fourier Transform of the signal In an ideal MRI experiment ignoring relaxation effects, the MRI signal is sinusoidal with a frequency given by (2.6) and a phase given by (2.8). Then it has the representation

S(t_r, g_p) = ∫ R^2 ρ(x_r, x_p) exp (i γ(g_rx_rt_r + g_px_pT_p)) dx_rdx_p, (2.9)

where the function ρ is the nucleus density of the species in the slice Π_s, see [Callaghan, 1993] or [Morris, 1982].

To extract an expression for the density we write a Fourier transform of the signal, called 2D-FT in the MRI terminology. We introduce the change of variables defined by the mapping ψ : R^2 −→ R^2

ψ(x_r, x_p) ≡ (τ_1, τ_2) = (− γ 2π g_rx_r, − γ 2π T_px_p). (2.10)

We denote by J the jacobian of the inverse mapping; J is given by J = (γ-^2T_pg_r)�^1 where γ- = γ/2π. With this change of variables, the integral in (2.9) reads

S(t_r, g_p) = ∫ R^2

A(τ_1, τ_2) exp(−2πi(τ_1t_r + τ_2g_p)) dτ_1dτ_2 (2.11) where A(τ_1, τ_2) = ρ(ψ�^1(τ_1, τ_2))J. Then (2.11) is the inverse Fourier transform of A. Let I(τ_1, τ_2) denote the intensity of the point (τ_1, τ_2) of the image (usually called the image pixel). Then from (2.11) we get by taking the Fourier transform

I(τ_1, τ_2) = F[S(t_r, g_p)] = A(τ_1, τ_2) = 1 γ-^2T_pg_r ρ(− τ_1 γ- g_r , − τ_2 γ- T_p ). (2.12)

Therefore, the two dimensional transform of the collected signal leads to a representation of the density ρ in the plane Π_s. The linear mapping (2.10) can be seen as a scaling between the sample and the image. Note that in practice constant time intervals T_p for the phase encoding are used, the phase variation is achieved through the use of variable phase encoding gradient intensity g_p, see [Morris, 1982] p. 164. The MRI signal can be obtained in practice only for a finite number of values of g_p, each signal being sampled in time in a finite number of points. A discrete Fourier transform is performed to get the image.

3 Theoretical approach of artifacts in MRI

So far we have introduced the techniques of the imaging process. Our goal now is to study in which way magnetic field inhomogeneities give rise to image distortions. This will provide a theoretical basis for the understanding of the observed phenomena as well as a model for the numerical simulation of magnetic susceptibility artifacts.

3.1 Slice selection process disturbances

We establish now the effects of a magnetic field inhomogeneity B0 on the slice selection process as described in Section 2.2. During the slice selection process the total magnetic field is given by

B(P ) = B_0 + G_s(P ) + B0(P ). (3.1)

We assume that the magnetic field inhomogeneities are much weaker than the field B_0 and we make the following approximation

B(P ) ≈ B_0 + G_s(P ) + B0_z(P ), (3.2)

where B0_z represents the component of the field inhomogeneities along the z direction of the laboratory coordinate system. Hence the Larmor frequency ν_L given by (2.1) is approximated by

ν_L(P ) = γ 2π (B_0 + G_s(P ) + B0_z(P )). (3.3)

In order to select the plane Π_s the RF pulse B_1 is switched on at a frequency ν_1 given by (2.4),

ν_1 = γ 2π (B_0 + g_sc). (3.4)

Nuclei in resonance are those for which the Larmor frequency ν_L is equal to the frequency ν_1. From both equalities (3.3) and (3.4) one deduces that they are not located in the plane Π_s anymore but in the set of points P satisfying

G_s(P ) + B0_z(P ) = g_sc. (3.5)

Let us develop this last relation. We denote by (x, y, z) the coordinates of P in the laboratory coordinate system and by (n_1, n_2, n_3) the components of the vector n_s. Let

c0(P ) =_{OP} ·_{ns} = n_1x + n_2y + n_3z. According to the equation (2.2) we have

G_s(P ) = g_sc0(P ) = g_s(n_1x + n_2y + n_3z). (3.6)

Equation (3.5) can therefore be written as

n_1x + n_2y + n_3z + B0_z(x, y, z) g_s = c. (3.7)

It is useful to write Equation (3.7) in the coordinate system R_c = (C, n_r , n_p, n_s). We have

x_s +

B0_z(x_r, x_p, x_s) g_s = 0, (3.8)

where (x_r, x_p, x_s) denotes the coordinates of P in R_c. Thus magnetic inhomogeneities prevent the selection of a perfectly planar slice Π_s. Instead a warped surface given by the equation (3.7) or (3.8) is selected.

3.2 Signal encoding disturbances

We suppose that the magnetic field inhomogeneity B0 also exists when the signal is recorded. Then the static magnetic field is B(P ) = B_0 + G_r (P ) + B0(P ). As before we assume that the approximation B(P ) ≈ B_0 + G_r(P ) + B0_z(P ) holds. The frequency of the signal is not given by (2.6) anymore. According to the Larmor relation (2.1) we have ν = γ 2π B(P ) = γ 2π (B_0 + g_rx_r + B0_z(x_r, x_p, x_s)). (3.9)

In a similar way the phase of the MRI signal becomes

ϕ(P ) = 2πν_L(P )T_p = γB(P )T_p = γ(B_0 + g_px_p + B0_z(x_r, x_p, x_s))T_p. (3.10)

The effect of the phase shift in (3.10) depends on the MRI sequence, see [Morris, 1982] for a complete description. For the Spin-Echo sequence, the phase shift due to magnetic field inhomogeneities can be compensated when the signal is collected, contrarily for the Gradient-Echo sequence it is not. Since we want to handle the two cases, we introduce a parameter k_d with value 0 when the phase shift can be ignored and with value 1 in the other case. Moreover we need to take into account that the perturbation exists not only during the time T_p when the phase encoding gradient is turned on, but since the sequence inception, that is for a time T_E. Therefore the phase of the signal is given by

ϕ(P ) = γ(B_0 + g_px_pT_p + k_dB0_z(x_r, x_p, x_s)T_E). (3.11)

So to take into account the effects of field inhomogeneities represented by B0(x_r, x_p, x_s), we will replace the equations (2.6) and (2.8) for the frequency and the phase by the (3.9) and (3.11) ones. From now on the frequency and phase origins are chosen so that the constant term arising from B_0 vanishes in (3.9) and (3.11).

3.3 Fourier transform of the perturbed signal

We want to image now a slice of a sample in the presence of a magnetic field perturbation

B0. The phase and the frequency of the signal, as well as the location of the excited nuclei

are modified in a way given by the relations (3.11), (3.9), and (3.8). Accordingly like in (2.9), the MRI signal has the representation

S(t_r, g_p) = ∫ R^2 ρ(x_r, x_p, x_s(x_r, x_p)) × exp ( i γ(g_rx_r + B0_z(x_r, x_p, x_s(x_r, x_p)))t_r ) × exp ( i γ(g_px_pT_p + k_dB0_z(x_r, x_p, x_s(x_r, x_p))T_E ) ) dx_rdx_p (3.12)

where x_s is a solution of the nonlinear equation

x_s +

B0_z(x_r, x_p, x_s) g_s = 0. (3.13)

For ease of exposition we assume there exists a unique x_s satisfying (3.13), while a detailed exposition would include in (3.12) an additional summation term over the different solutions of (3.13). We will write B0_z(x_r, x_p) instead of B0_z(x_r, x_p, x_s(x_r, x_p)) and ρ(x_r, x_p) instead of ρ(x_r, x_p, x_s(x_r, x_p)). We also set γ- = γ/2π and carry out a Fourier tranform of the signal to simulate the way in which the image is obtained. The function S given in (3.13) doesn’t have the required regularity to achieve the Fourier transform in the usual way. We will use the Fourier transform in the sense of distributions.

Let S(R^2 ) be the space of infinitely differentiable functions with all derivatives decreasing rapidly and S 0(R^2 ) be its dual space (S 0(R^2 ) is the space of tempered distributions). The Fourier transform of S as a distribution is defined by, see [Schwartz, 1961], < FS, ϕ >=< S, ϕ̂ > ∀ϕ ∈ S(R^2 ), where ϕ̂ is the Fourier transform of ϕ in the usual way and <, > the duality product

S 0(R2 ) × S(R2 ). Let I be the Fourier transform of S. We have for ϕ ∈ S(R2 ), < I, ϕ > = < S, ϕ̂ > = ∫ R^2 S(t_r, g_p)ϕ̂(t_r, g_p) dt_rdg_p = ∫ R^2 {∫ R^2 ρ(x_r, x_p) exp ( i γ(g_rx_r + B0_z(x_r, x_p))t_r )

× exp ( i γ(g_px_pT_p + k_dB0_z(x_r, x_p)T_E) ) dx_rdx_p } ϕ̂(t_r, g_p) dt_rdg_p. (3.14)

By interchanging the order of integration we obtain < I, ϕ >= ∫ R^2 ρ(x_r, x_p) exp ( i γk_dB0_z(x_r, x_p)T_E )

× {∫ R^2 exp ( i γ((g_rx_r + B0_z(x_r, x_p))t_r + g_px_pT_p) )^ ϕ(t_r, g_p) dt_rdg_p } dx_rdx_p. (3.15)

We set ~ρ(x_r, x_p) = ρ(x_r, x_p) exp ( i γk_dB0_z(x_r, x_p)T_E ) and recognize inside the brackets the inverse Fourier transform of the function ϕ̂ taken in (−γ- (g_rx_r +B0_z(x_r, x_p)), −γ- x_pT_p), that is ∫ R^2 exp ( i γ((g_rx_r + B0_z(x_r, x_p))t_r + g_px_pT_p) )^ ϕ(t_r, g_p) dt_rdg_p = ϕ(−γ- (g_rx_r + B0_z(x_r, x_p)), −γ- x_pT_p). (3.16)

Thus the Fourier transform I of S is given by < I, ϕ >= ∫ R^2

~ρ(x_r, x_p)ϕ(−γ- (g_rx_r + B0_z(x_r, x_p)), −γ- x_pT_p) dx_rdx_p. (3.17) Let us consider the change of variables defined by ψ : (x_r, x_p) ∈ R^2 −→ (τ_1(x_r, x_p), τ_2(x_r, x_p)) ∈ R^2 where { τ_1(x_r, x_p) = −γ- (g_rx_r + B0_z(x_r, x_p)), τ_2(x_r, x_p) = −γ- x_pT_p.

(3.18) The function ψ is not necessarily bijective because of the term B0_z(x_r, x_p, x_r(x_r, x_p)) arising from the field inhomogeneities. Nevertheless since B is piecewise regular, one can find a covering of ∪^N_{j=1}U_j = R^2 made up of a finite number N of open sets U_j such that, ∀j = 1, . . . , N, ψ : (x_r, x_p) ∈ U_j −→ (τ_1(x_r, x_p), τ_2(x_r, x_p)) ∈ V_j is bijective. Let J_j be the jacobian of the inverse of ψ_j, the restriction of ψ in U_j J_j = 1 γ-^2T_p ( g_r + ∂ ∂x_r B0_z(x_r, x_p)

). (3.19)

We have < I, ϕ > = ∫ R^2 {^N∑ j=1 ~ρ(x_r, x_p)ϕ(−γ- (g_rx_r + B0_z(x_r, x_p)), −γ- T_px_p)ℵ_{Uj} } dx_rdx_p

= N∑ j=1 ∫ U_j ~ρ(x_r, x_p)ϕ(−γ- (g_rx_r + B0_z(x_r, x_p)), −γ- T_px_p) dx_rdx_p, (3.20)

where ℵ_{Uj}(x_r, x_p) = 1 if (x_r, x_p) ∈ U_j and ℵ_{Uj} (x_r, x_p) = 0 if (x_r, x_p) /∈ U_j . The use of the change of variables (3.18) in (3.20) gives < I, ϕ > = N∑ j=1 ∫ V_j ϕ(τ_1, τ_2) ~ρ(ψ�^1_j (τ_1, τ_2))J_j (τ_1, τ_2) dτ_1dτ_2

= ∫ R^2 {^N∑ j=1 ϕ(τ_1, τ_2) ~ρ(ψ�^1_j (τ_1, τ_2))J_j (τ_1, τ_2) ℵ_{Vj} } dτ_1dτ_2

= < N∑ j=1 (~ρ ∘ ψ�^1_j )J_j ℵ_{Vj} , ϕ > . (3.21)

Henceforth we have

I(τ_1, τ_2) = N∑ j=1 ~ρ(ψ�^1_j (τ_1, τ_2))J_j (τ_1, τ_2)ℵ_{Vj} (τ_1, τ_2). (3.22)

Eventually from the expression (3.22) with the change of variables (3.18) we deduce that the intensity of the image pixel (τ_1, τ_2) is given by

I(τ_1, τ_2) = ∑ (xr,xp,xs) solution of (3.24)

ρ(x_r, x_p, x_s) exp ( i γk_dB0_z(x_r, x_p, x_s)T_E )

× 1 |1 + 1 g_r ∂ ∂x_r B0_z(x_r, x_p, x_s)| , (3.23) where x_r +

B0_z(x_r, x_p, x_s) g_r = τ_1, x_p = τ_2,

x_s +

B0_z(x_r, x_p, x_s) g_s = 0.

(3.24)

In (3.23) we have included the case where (3.13) has several solutions. Moreover, the constant coefficients γ- in (3.24) and 1/γ-^2T_pg_r in (3.23) are omitted. They can be interpreted as scaling coefficients.

3.4 The pulse bandwidth For ease of exposition we have assumed so far that the RF pulse B_1 is emitted at a single frequency ν_1. In practice the RF pulse contains a range of frequencies (or bandwidth) ν_1 ±^1_2 Δν_1. Thus all the nuclei whose Larmor frequency is equal to one of the frequencies in the bandwidth resonate. Consequently a layer of thickness e_s around the plane Π_s is imaged. One can check that the slice width is given by e_s = 2π γ Δν_1 g_s . (3.25) Therefore in order to take into account the pulse bandwidth an additional summation term over the slice thickness e_s is to be introduced. The signal is expressed as

S(t_l, g_p) = ∫ 1_{2 es} �^1_2 es ∫ R^2 ρ(x_r, x_p, x_s(x_r, x_p, ζ)) × exp ( i γ(g_rx_r + B0_z(x_r, x_p, x_s(x_r, x_p, ζ)))t_r ) × exp ( i γ(g_px_pT_p + k_dB0_z(x_r, x_p, x_s(x_r, x_p, ζ))T_E) ) dx_rdx_pdζ (3.26) where x_s satisfies x_s +

B0_z(x_r, x_p, x_s) g_s = ζ with ζ ∈ [−^1_2 e_s,^1_2 e_s]. (3.27) Our development for the Fourier transform of the signal remains valid. One should read I(x_r, x_p) = I(x_r, x_p, x_s(x_r, x_p, ζ)) and B0_z(x_r, x_p) = B0_z(x_r, x_p, x_s(x_r, x_p, ζ)), and carry an integration over the variable ζ ∈ [−^1_2 e_s,^1_2 e_s]. Expressions (3.23) and (3.24) become

I(τ_1, τ_2) = ∫ 1_{2 es} �^1_2 es ∑ (xr ,xp,xs) solution of (3.29)

ρ(x_r, x_p, x_s) exp ( i γk_dB0_z(x_r, x_p, x_s)T_E )

× 1 |1 + 1 g_r ∂ ∂x_r B0_z(x_r, x_p, x_s)| dζ, (3.28)

where x_r +

B0_z(x_r, x_p, x_s) g_r = τ_1, x_p = τ_2,

x_s +

B0_z(x_r, x_p, x_s) g_s = ζ. (3.29)

4 Analysis of magnetic susceptibility artifacts

With the relations (3.28) and (3.29) we have formulae to get the intensity of the image pixel (τ_1, τ_2) which is proportional to the nucleus density ρ inside the slice of the sample. They will be used first to study from a theoretical point of view the effects of magnetic inhomogeneities on MRI images, and secondly in the next section to develop numerical methods to compute artifacts. There are mainly two effects due to magnetic inhomogeneities: geometric distortions and intensity distortions. They are described in [Ludeke et al, 1985] and [Ericsson et al, 1988].

4.1 Geometric distortions

In Section 3.1 we saw that magnetic field inhomogeneities prevent the selection of the plane Π_s of equation x_s = 0. Instead a surface Σ_s with equation

x_s +

B0_z(x_r, x_p, x_s) g_s = 0 (4.1)

is selected, we recall that (x_r, x_p, x_s) are in the coordinate system (C, n_r , n_p, n_s). Thus the actual position of the points in the sample is shifted from the plane Π_s by a quantity

Δc(P ) =

B0_z(P ) g_s (4.2)

in the direction n_s of the slice selection gradient. Consequently a non planar surface with a varying thickness is being imaged instead of the desired plane Π_s. We can observe that the slice selection disturbances could be reduced by increasing the intensity g_s of the slice-selection gradient. Unfortunately this intensity is limited by technical constraints.

The first two equations in (3.29) express the disturbances of the phase and frequency spatial encoding process. In the absence of magnetic field inhomogeneities, a point P = (x_r, x_p, 0) belonging to the plane Π_s is depicted in the image at the position (τ_1 = x_r, τ_2 = x_p). In the presence of a magnetic field B0 a point P = (x_r, x_p, x_c) belonging to the surface Σ_s is depicted at

(τ_1 = x_r +

B0_z(x_r, x_p, x_s) g_r , τ_2 = x_p). (4.3)

Thus field’s inhomogeneities are liable for distortions in the read-out gradient direction n_r but do not affect the image in the phase encoding direction n_p, this is one of the well known advantages of the 2D-FT image reconstruction method, see [Morris, 1982], p.165.

In addition to that, due to the magnetic field inhomogeneities the distance between two points in the sample is not preserved in the image. Let P = (x_r, x_p, x_s) and P 0 =

(x0_r, x0_p, x_s) be two points in Σ_s. Let δ_r = x0_r − x_r and δ_p = x0_p − x_p. The distance in

the sample between the two points is δ = √ δ^2_r + δ^2_p. If (τ_1, τ_2) and (τ0_1, τ0_2) are the two corresponding image pixels, then we have from the system (3.29)

τ0_1 = τ_1 + δ_r + 1 g_r ( B0_z(P 0) − B0_z(P )), τ0_2 = τ_2 + δ_p.

(4.4)

The distance between the two pixels in the image is Δ = √( δ_r + 1 g_r ( B0_z(P 0) − B0_z(P ))

)_2 + δ^2_p. (4.5)

Figure 2: Slice to be imaged.

Figure 3: (a) Distorsion of the slice to be imaged (in meter) and (b) geometric distorsions.

Thus in the presence of magnetic field inhomogeneities the actual distances are not preserved in the image. Moreover if the magnetic field B0 varies abruptly then two points that are close to each other in the sample may appear far from each other in the image. Such a steep variation happens for two points in two media with strongly different magnetic properties, for instance a metallic implant and a biological tissue. It is well known, see [Jackson, 1975], that the magnetic field has a discontinuity at the interface between the two media which is proportional to the variation of the magnetic susceptibility χ_m.

In order to illustrate the image distortions we will consider the special case of a metallic ball (the implant) embedded in a homogeneous diamagnetic substance (the biological tissues) and submitted to the magnetic flux density B_0. The ball radius is 1 cm and its magnetic susceptibility is χ_m = 10�^3. The magnetic flux density strength is B_0 = 1 Tesla and the intensity of the gradients is g = 10�^2 Tesla per meter. The magnetic field inhomogeneities are due to the magnetic field B0 induced by the ball, see [Jackson, 1975] for its analytical expression. The slice Π_s to be imaged is parallel to B_0 and intersect the ball through its center, see Figure 2. The slice is 3 cm long and 3 cm wide. Figure 3 shows the surface Σ_s with equation given in (4.1) and the geometric distortions given in (4.3).

4.2 Intensity distortions

Intensity distortions may have three different origins.

If there exist several solutions (x_r, x_p, x_s) to the equations (3.29) for a given right-hand side (τ_1, τ_2, ζ), then several points of the sample are associated to the same image pixel. Contrarily if the system (3.29) has no solution, no point of the sample corresponds to the given pixel. The result is an intensity enhancement in the first case and a cancellation in the second case.

The intensity distortions are due as well to the variations of the field B0 (in fact its component B0_z) in the read-out gradient direction. This distortion is given in (3.28) by the term D = 1 |1 + 1 g_r ∂ ∂x_r B0_z(x_r, x_p, x_s)| . (4.6)

If B0_z increases in the direction of the read-out gradient then^∂_{∂xr} B0_z(x_r, x_p, x_s) > 0 and the intensity decreases, D < 1. On the contrary, if B0_z decreases then^∂_{∂xr} B0_z(x_r, x_p, x_s) < 0 and the intensity raises, D > 1.

Finally the term exp (i γk_dB0_z(x_r, x_p, x_s(x_r, x_p, ζ))T_E) in (3.28) expresses that for some imaging sequences (such as the Gradient-Echo sequence), magnetic inhomogeneities give rise to intensity distortions due to additional phase shifts.

5 Algorithms and numerical simulation

To compute magnetic susceptibility artifacts now it suffices to evaluate the integral in (3.28), once the magnetic perturbation fields B0 is known.

5.1 A first algorithm We wish to numerically compute the image intensity I in (3.28) on a given pixel (τ_1, τ_2). The integral is evaluated with a gaussian quadrature rule. We have

I(τ_1, τ_2) = ∫ 1_{2 es} �^1_2 es

A(τ_1, τ_2, ζ) dζ ≈ e_s 2 μ_d∑

k=1 ω_kA(τ_1, τ_2, u_k) (5.1)

where the ω_k ∈ R are the quadrature weights and u_k ∈ [−1, 1] are the quadrature nodes.

The main task is then to determine the point(s) (x_r, x_p, x_c) in the sample that are represented in (τ_1, τ_2), that is to solve the system (3.29). This system can be written, by combining the first and third equations, as follows

x_r + g_s g_r (ζ − x_s) = τ_1, x_p = τ_2,

x_s +

B0_z(x_r, x_p, x_s) g_s = ζ, where ζ ∈ [−^1_2 e_s,^1_2 e_s].

(5.2)

Thus we have to solve the following non linear problem: find x_s ∈ R solution to

x_s +

B0_z(x_r, x_p, x_s) g_s = ζ (5.3)

where

x_r = τ_1 + g_s g_r (x_s − ζ), x_p = τ_2, ζ ∈ [−^1_2 e_s,^1_2 e_s].

(5.4)

Figure 4: Graph of the function F in the case of the ball. The parameters τ_1, τ_2, and ζ correspond to a point far from the ball (left), close to the ball (middle) and inside the ball (right).

Let F : R −→ R be defined by

x_s −→ F (x_s) = (x_s − ζ) + 1 g_s B0_z(τ_1 + gs g_r (x_s − ζ), τ_2, x_s), (5.5)

where the parameters g_s, g_r, g_p, τ_1, τ_2 and ζ are fixed. Solving (5.3) and (5.4) is equivalent to find the zeros x_s of F . The values of x_r and x_p are then obtained by (5.4).

We derive the following formal algorithm

Algorithm 1

For each pixel (τ_1, τ_2) do

For k = 1, . . . , μ_d do For each x_s solution of F (x_s) = 0 do Set x_r = τ_1 +^{gs}_{gr} (x_s − ζ) and x_p = τ_2

Compute ρ(x_r, x_p, x_s), B0_z(x_r, x_p, x_s) and ∂ ∂x_r B0_z(x_r, x_p, x_s) Set I(τ_1, τ_2) = I(τ_1, τ_2) + ρ(x_r, x_p, x_s) exp (i γk_dB0_z(x_r, x_p, x_s)T_E) |1 +^1_{gr}^∂_{∂xr} B0_z(x_r, x_p, x_s)|

End do End do End do

We have implemented Algorithm 1 in the case of a ball where the analytical expression for F is known, see the example at the end of Subsection 4.1. One observes that the function F given in (5.5) is not necessarily continuous (this is due to the jump of the magnetic field B0 accross the ball boundary) and the number of its zeros depends on the values of the parameters τ_1, τ_2, and ζ. In Figure 4 we have depicted the graph of F for several values of τ_1, τ_2, and ζ in the case of the ball discussed in Subsection 4.1. We can observe that the number of zeros varies from 0 to 3.

5.2 An alternative approach

It is possible to overcome the difficulty of finding the zeros of F by working in a different way. The idea is to go over the sample and to test whether the nuclei at a given point

(x_r, x_p, x_s) resonate or not. In that case we compute the pixel where this point is depicted in the image and we increase the pixel intensity by the corresponding value. This approach is applied in the following algorithm.

Algorithm 2

For (x_r, x_p, x_s) ∈ R^3 do:

Compute (τ_1, τ_2, ζ) such that

τ_1 = x_r +

B0_z(x_r, x_p, x_s) g_r τ_2 = x_p

ζ = x_s +

B0_z(x_r, x_p, x_s) g_s If ζ ∈ [−^1_2 e_s,^1_2 e_s] and (τ_1, τ_2) belongs to the image then

I(τ_1, τ_2) = I(τ_1, τ_2) + ρ(x_r, x_p, x_s) exp (i γk_dB0_z(x_r, x_p, x_s)T_E) |1 +^1_{gr}^∂_{∂xr} B0_z(x_r, x_p, x_s)|

End if End do

In practice, a volume large enough around the object is chosen. This volume is subdivided into small cubes. Inside each cube a point (x_r, x_p, x_s) is chosen. Previous works about numerical simulation of susceptibility artifacts were based on this approach, see [Ericsson et al, 1988], [Beaumont, 1993] for instance. The main disadvantage of this approach is that it requires computations for a large number of points. Now most of these points would not be depicted in the image. We have implemented Algorithm 2 to simulate MRI artifacts induced by metallic implants of general shape, see [Balac, 1997].

5.3 Numerical results

In the case of the metallic ball of radius r_0 and magnetic susceptibility χ_m a very efficient way to numerically simulate magnetic susceptibility artifacts is given by Algorithm 1. From the analytical expression of the magnetic field induced by a ball, see [Jackson, 1975], we derive the following expression for F ,

F (x_s) = (x_s − c) + χ_mB_0r^3_0 3g_s ( 3 (z.r)^2

r^5 − 1 r^3 ) if r > r_0,

= (x_s − c) +

2χ_mB_0 3g_s if r < r_0.

(5.6)

Multiplying each side of the equation F (x_s) = 0 by an appropriate conjugate quantity we obtain that the zeros of F are among the roots of a polynomial P (x_s) of degree 12. In Appendix 1 we present a Matlab program that uses this approach to simulate artifacts induced by a metallic ball.

Figure 5 (a) shows the experimental artifact obtained when an MRI image of the slice depicted in Figure 2 is done. This experimental image has to be compared to the numerically simulated image shown in Figure 5 (b) which is obtained by using the Matlab program of Appendix 1. Computations were done on a Sun Enterprise 450. The computation of the simulated image (made of 128 × 128 pixels) required 998 seconds.

Figure 5: Magnetic susceptibility artifact generated by a metallic ball; (a) experimental image (left) and (b) numerically simulated image (right).

6 Conclusion

We have developed and analyzed a mathematical model which represents image distortions in MRI generated by magnetic field inhomogeneities. Algorithms for the numerical simulations are then derived.

Our method has various applications. It allows a systematic investigation of the artifacts behavior under various experimental conditions. It also can help to create new medical implants that would not be so sensitive to artifacts, see [Chauvel et al, 1996]. Presently many experiments on MRI imagers have to be carried out. A last step in the mathematical study of MRI susceptibility artifacts would be to propose post processing methods to retrieve the original image.

References

Abele, M. et al. (1994) Compensation of field distortion with ferromagnetic material and permanent magnets. Journal of Applied Physics, 75, 6990-6992.

Bakker, C. et al. (1993) Susceptibility artifacts in 2DFT spin-echo and gradient-echo imaging, the cylinder model revisited. Magnetic Resonance Imaging, 11, 539-548.

Balac, S. & Caloz, G. (1996) Magnetic susceptibility artifacts in magnetic resonance imaging. Calculation of the magnetic field disturbances. IEEE Transactions on Magnetics, 32, 1645-1648.

Balac, S. (1997) Artefacts de susceptibilité magnétique en IRM : étude du problème de magnétostatique et simulation numérique. PhD thesis, Université de Rennes 1, Rennes, France.

Beaumont, S. (1993) Les artefacts de champ magnétique en Imagerie par Résonance Magnétique. PhD thesis, Université P. Sabatier, Toulouse, France.

Callaghan, P.T. (1993) Principles of Nuclear Magnetic Resonance microscopy. Clarendon Press.

Chauvel, B. et al. (1996) Cancellation of metal-induced MRI artifacts with dualcomponent paramagnetic and diamagnetic material: mathematical modelization and experimental verification. Journal of Magnetic Resonance Imaging, 6, 936-938.

Davison, M.E. & Grunbaum, F.A. (1973) Tomographic reconstruction with arbitrary directions. Communications on Pure and Applied Mathematics, 34, 77-120. Erricsson, A. et al. (1988) Calculation of MRI artefacts caused by static field disturbances. Physics in Medicine and Biology, 33(10), 1103-1112.

Fache, J. et al. (1987) MR Imaging artifacts produced by dental materials. American Journal of Neuroradiology, 8, 837-840.

Jackson, J.D. (1975) Classical electrodynamics. John Wiley.

Ludeke, K.M. et al. (1985) Susceptibility artifacts in NMR imaging. Magnetic Resonance Imaging, 3, 329-343 Morris, P. G. (1982) Nuclear Magnetic Resonance in medicine and biology. Clarendon Press.

Schenck, J.F. (1996) The role of magnetic susceptibility in magnetic resonance imaging. Medical Physics, 23, 815-850.

Schwartz, L. (1966) Mathematics for the physical sciences. Hermann. Sebastiani, G. & Barone, P. (1991) Mathematical principles of basic magnetic resonance imaging in medicine. Signal Processing, 25, 227-250. Slichter, C.P. (1990) Principles of magnetic resonance. Springer Verlag. Weis, J. & Budinsky, L. (1990) Simulation of the influence of magnetic field inhomogeneities and distortion correction in MR imaging. Magnetic Resonance Imaging, 8, 483-489.

Appendix

% SIMART a Matlab program for the numerical SIMulation
% of magnetic suspetibility ARTifacts in magnetic resonance
% imaging (MRI) - (c) S. Balac - 1999
%
% Stephane Balac (Stephane.Balac@univ-brest.fr)
% Dept. de Mathematiques - Univ. de Bretagne Occidentale
% 29285 Brest - France
%
% This program can be downloaded at: www.maths.univ-rennes1.fr/~balac/simart.html

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% DESCRIPTION OF THE EXPERIMENT
%
% Description of the ball
% -----------------------
global r0; r0 = 1e-2; % its radius in meter
global Xm; Xm = 3e-4; % its magnetic susceptibility
%
% Description of the image sequence
% ---------------------------------
global C; C = [0 0 0]; % origin of the slice
global c; c = sqrt(sum(C.^2));
global B0; B0 = 1; % strenght of the field B_0 in tesla
global ec; ec = 3e-3; % width of the slice in meter
global g; g = 1e-2; % intensity of the gradients in tesla per meter
global ns; ns = [0 1 0]; % direction of the slice selection gradient
global nr; nr = [0 0 1]; % direction of the read-out gradient
global np; np = [1 0 0]; % direction of the phase gradient
global Lr; Lr = 6e-2; % length of the slice along nr in meter
global Lp; Lp = 6e-2; % length of the slice along np in meter
           Np = 256; % number of pixels (Np^2)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
warning off
global beta; beta = (Xm*B0*r0^3)/3;

NG=5; % Quadrature formula for integration over the slice width
Gpts = [.906179, .538469, 0., -0.538469, -0.906179];
Gpds = [.236926, .478628, .568888, .478628, .236926];

e3 = [0 0 1]; % Direction of B_0 in the laboratory coordinate system
global Z; Z = [dot(e3,nr),dot(e3,np),dot(e3,ns)]; % and in (C,nr,np,ns)

times1=cputime;
IMG=[]; % array containing the image intensity
%
% Loop over the pixels
%
for ir = 1:Np
  disp([’ ** ’,num2str(round((100*ir)/Np)),’% ’])
  Pix(1) = - (Lr/2) + (ir-1)*Lr/(Np-1);
for ip = 1:Np
  Pix(2) = - (Lp/2) + (ip-1)*Lp/(Np-1);
  IMG(ir,ip)=0;

for is = 1:NG % Loop over the quadrature nodes
   Pix(3) = ec*Gpts(is)/2;

% Search of the voxels connected to the pixel Pix
   Vox = voxel(Pix);nvox = size(Vox,2);
   for ivox=1:nvox
% Computation of the magnetic field induced by the ball in the point Vox(ivox)
     BdB = calBdB(Vox(:,ivox));
     Jac=1./abs(1+BdB(2)/g);
     IMG(ir,ip) = IMG(ir,ip) + Gpds(is)*Jac*BdB(3);
   end
end
end
end
times2=cputime-times1; disp([’CPU time =’,num2str(times2),’sec.’]);
%
% Image display
%
hx = Lr/(Np-1); hy = Lp/(Np-1);
X = -0.5*Lr:hx:0.5*Lr; Y = -0.5*Lp:hy:0.5*Lp;
graylevel = 0.01; % Gray level
Mn = min(min(IMG)); Mx = max(max(IMG));
XX = graylevel*((Mx+Mn)/2)*ones(size(IMG));
IM = min(IMG,XX);
colormap(gray), imagesc(X,Y,IM), axis equal

function Vo=voxel(P)
%
% Return the voxels Vo in the sample that are connected to the pixel P.
% V(i,n) is the i-th component of the n-th voxel. Coordinates are given
% in the coordinate system (C,nr,np,nc)
%
global c, global r0

tau1=P(1)/r0; % to work with dimensionless qty
tau2=P(2)/r0;
zeta=P(3)/r0;

R=[]; R = fndrc(tau1,tau2,zeta,c/r0);
% computation of the zeros of the function F

% computation of the coordinates of the voxels Vo linked to P
for i=1:length(R)
  xs = R(i);
  xr = tau1 + (xs-zeta);
  xp = tau2;
  Vo(1,i)=r0*xr; Vo(2,i)=r0*xp; Vo(3,i)=r0*xs;
end

function R = calBdB(P)
%
% Return the following values for the point P
% R(1) = component along Z of the magnetic field induced by the ball B’_z in P
% R(2) = derivative along n_r of B’_z in P d[B’_z(P)]/d[x_r]
% R(3) = sub-domain number (0 if P belong to the ball and 1 otherwise)

%
global r0, global beta, global c, global Z

r = sqrt( P(1)^2 + P(2)^2 + (P(3)+c)^2 );
zr = dot(Z,P) + Z(3)*c;

R(1) = (beta/r^5) * (3*zr^2 - r^2);
R(2) = (beta/r^7) * (6*Z(1)*zr*r^2 - 15*P(1)*zr^2 + 3*P(1)*r^2);
R(3) = 1; if r < r0, R(3) = 0; end

function sol = fndrc(tau1,tau2,zeta,lc)
%
% Compute the zeros of F
%
global g, global r0, global B0, global Xm

P = []; P = polnom(tau1,tau2,zeta,lc);
% Computation of the polynome coefficients
rac = []; rac = roots(P);
% Computation of its 12 roots

so1=[]; % Test for real roots
for i=1:length(rac)
  if isreal(rac(i)), so1=[so1 , rac(i)]; end
end
so2=[]; % Test for roots satisfying: F(xs) = 0
for i=1:length(so1)
  xs = so1(i);
  xr = tau1 + (xs-zeta);
  xp = tau2;
  r = sqrt(xr^2 + xp^2 + (xs+lc)^2);
  res = F(xr,xp,xs,zeta,lc);
  if ( abs(res) < 1e-10 & r > 1 ), so2=[so2 , so1(i)]; end
end
% Test for multiple roots
if length(so2) < 2; sol=so2; return; end;
so2 = sort(so2); % Sort so2 in ascending order
sol = [so2(1)];
for i=2:length(so2)
  if abs(so2(i)-so2(i-1)) > 1e-3; sol = [sol , so2(i)]; end;
end
% Test for roots coming from the inside magnetic field expression
xs = zeta - 2*B0*Xm/(3*g*r0);
xr = tau1 + (xs-zeta);
xp = tau2;
r = sqrt(xr^2 + xp^2 + (xs+lc)^2); if ( r<1 ) sol = [sol xs]; end

function valf = F(xr,xp,xs,zeta,lc)
%
% Return the value of the function F defined by
% F:= (xs-zeta)+ beta *(3*(z.r)^2/r^5-1./r^3);
%
global beta, global r0, global Z, global g
lgeta = beta/(g*r0^4);

r = sqrt(xr^2+xp^2+(xs+lc)^2);
zr = Z(1)*xr+Z(2)*xp+Z(3)*(xs+lc);
valf = (xs-zeta)+ lgeta*(3*(zr^2)/(r^5) - 1/r^3);

function P = polnom(ltau1,ltau2,zeta,lc)
%
% Return the coefficients of the polynomial P
%
global r0, global Z, global beta, global g

lgeta = beta/(g*r0.^4); gcl = 1;

A = Z(3) + gcl*Z(1);
B = Z(1)*ltau1 + Z(2)*ltau2 + Z(3)*lc - Z(1)*gcl*zeta;
C = 1+gcl.^2;
D = 2*gcl*(ltau1-gcl*zeta) + 2*lc;
E = (ltau1-gcl*zeta).^2+ ltau2.^2 +lc.^2;

P(13) = - lgeta.^2.*E.^2 - 9.*lgeta.^2.*B.^4 + 6.*lgeta.^2.*B.^2.*E ...
      + E.^5.*zeta.^2;
P(12) = 5.*D.*E.^4.*zeta.^2 - 2.*E.^5.*zeta - 36.*lgeta.^2.*A.*B.^3 ...
      + 12.*lgeta.^2.*A.*B.*E + 6.*lgeta.^2.*B.^2.*D - 2.*lgeta.^2.*D.*E;
P(11) = 12.*lgeta.^2.*A.*B.*D - 54.*lgeta.^2.*A.^2.*B.^2 + E.^5 ...
      + 5.*C.*E.^4.*zeta.^2 ...
      + 10.*D.^2.*E.^3.*zeta.^2 + 6.*lgeta.^2.*B.^2.*C - 2.*lgeta.^2.*C.*E ...
      - lgeta.^2.*D.^2 + 6.*lgeta.^2.*A.^2.*E - 10.*D.*E.^4.*zeta;
P(10) = 20.*C.*D.*E.^3.*zeta.^2 - 20.*D.^2.*E.^3.*zeta - 10.*C.*E.^4.*zeta ...
      - 36.*lgeta.^2.*A.^3.*B + 12.*lgeta.^2.*A.*B.*C - 2.*lgeta.^2.*C.*D ...
      + 6.*lgeta.^2.*A.^2.*D + 5.*D.*E.^4 + 10.*D.^3.*E.^2.*zeta.^2;
P(9) = 6.*lgeta.^2.*A.^2.*C - 20.*D.^3.*E.^2.*zeta - lgeta.^2.*C.^2 ...
     + 10.*D.^2.*E.^3 + 10.*C.^2.*E.^3.*zeta.^2 ...
     + 30.*C.*D.^2.*E.^2.*zeta.^2 + 5.*D.^4.*E.*zeta.^2 ...
     + 5.*C.*E.^4 - 40.*C.*D.*E.^3.*zeta - 9.*lgeta.^2.*A.^4;
P(8) = 20.*C.*D.^3.*E.*zeta.^2 + 10.*D.^3.*E.^2 - 10.*D.^4.*E.*zeta ...
     + 30.*C.^2.*D.*E.^2.*zeta.^2 + D.^5.*zeta.^2 - 20.*C.^2.*E.^3.*zeta ...
     - 60.*C.*D.^2.*E.^2.*zeta + 20.*C.*D.*E.^3;
P(7) = 5.*D.^4.*E - 2.*D.^5.*zeta + 30.*C.*D.^2.*E.^2 + 10.*C.^2.*E.^3 ...
     - 40.*C.*D.^3.*E.*zeta + 30.*C.^2.*D.^2.*E.*zeta.^2 ...
     - 60.*C.^2.*D.*E.^2.*zeta + 5.*C.*D.^4.*zeta.^2 ...
     + 10.*C.^3.*E.^2.*zeta.^2;
P(6) = - 60.*C.^2.*D.^2.*E.*zeta + D.^5 + 20.*C.^3.*D.*E.*zeta.^2 ...
     - 10.*C.*D.^4.*zeta + 20.*C.*D.^3.*E + 10.*C.^2.*D.^3.*zeta.^2 ...
     + 30.*C.^2.*D.*E.^2 - 20.*C.^3.*E.^2.*zeta;
P(5) = 10.*C.^3.*E.^2 - 20.*C.^2.*D.^3.*zeta + 30.*C.^2.*D.^2.*E ...
     + 10.*C.^3.*D.^2.*zeta.^2 + 5.*C.*D.^4 - 40.*C.^3.*D.*E.*zeta ...
     + 5.*C.^4.*E.*zeta.^2;
P(4) = - 20.*C.^3.*D.^2.*zeta + 10.*C.^2.*D.^3 + 20.*C.^3.*D.*E ...
     - 10.*C.^4.*E.*zeta + 5.*C.^4.*D.*zeta.^2;
P(3) = - 10.*C.^4.*D.*zeta + 10.*C.^3.*D.^2 + 5.*C.^4.*E + C.^5.*zeta.^2;
P(2) = - 2.*C.^5.*zeta + 5.*C.^4.*D;
P(1) = C.^5;