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Nonobservable ergodic diffusion process (X;) with
m values in RY;
m observations (Y;) from R;
m initial distribution pg (of Xy) known with some error.

The question

Is this error forgotten by the optimal filtering algorithm in the
long run?

A question for discussion

What does it mean "the optimal filtering algorithm" ?



The observation model

the precise definition

Ergodic Filters

m Markov diffusion process:
dXi = b(X)dt + dW;, (t > 0),
m observation:

dY; = h(X,)dt +dV; (t>0),



The observation model

the precise definition

Ergodic Filters

m Markov diffusion process:
dX; = b(Xp)dt + dW;, (1> 0),
m observation:
dY: = h(Xt)dt +dVy (t>0),

m where
m (W, V;) is R valued Wiener process;
m b:RY - RY;
m h:RY - R
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Stating the main question

Ergodic Filters

m The true conditional probability:
PltiO’Y(‘) = Puo(Xi € - | ),

m with 7 = o(Ys: 0<s< 1),
m with the initial measure pg.

m The strange conditional probability:
v, Y Y
P () =P () | o =ro.
m with 1o replaced by vyp.

The question for discussion:

Why P2 (.) is well defined?
t
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The main question:

True or false:

. Y v, Y
M E,g[PEoY ()~ PRY ()], = 07
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Stability of filters

True or false:

Jim E.,(xoY () —xY ()2 =07 Vfe Gy

where
m the true conditional expectation:

0" () = En(F(X) | FY)
m the strange conditional expectation:

w0V (f) = Eo (F(OX) | F) | 1o = vo.
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The model

Nonobservable stationary ergodic finite state Markov
chain (Xp)

m observations Y, = ®(X,)
m $ is not one-to-one.

The question

Is the stationary measure of the conditional distribution
unique?

A question for discussion

What is the connection with the subject of the talk?
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Stability and uniqueness

Ergodic Filters ;
et Two related questions
eretennikov,

Kleptsyna

m Blackwell: Is a stationary measure unique (only Q)?
m We: Is the filter stable?

Historical survey

Fact

Stability of filter = uniqueness of stationary measure.
(A. Budhiraja, H.J.Kushner).

A.Budhiraja (2008) - link between different properties of the
nonlinear filter process:

m Stability of the filter with respect to initial conditions
m Uniqueness of the invariant measure of the filter
m "Finite memory" property of the filter



The first time: often the answer is "yes"

Ergodic Filters

m 1971, 1991, H. Kunita: "yes" in diffusion model.

m L.Stettner, 1989, 1991: generalization; discrete time
included.



The first time: often the answer is "yes"

Ergodic Filters

m 1971, 1991, H. Kunita: "yes" in diffusion model.

m Model:
Signal X; — ergodic Markov process valued in a locally
compact space.

m L.Stettner, 1989, 1991: generalization; discrete time
included.



The first time: often the answer is "yes"

Ergodic Filters

m 1971, 1991, H. Kunita: "yes" in diffusion model.

= Model:
Signal X; — ergodic Markov process valued in a locally
compact space.

m Observations:

aY; = h(X,)dt + dW,

m L.Stettner, 1989, 1991: generalization; discrete time
included.



The first time: often the answer is "yes"

Ergodic Filters

m 1971, 1991, H. Kunita: "yes" in diffusion model.

= Model:
Signal X; — ergodic Markov process valued in a locally
compact space.

m Observations:

aY; = h(X,)dt + dW,

m Claim:
lim E,,(f(X;) — Y (£))2

t—oo

does non depend on g,

m L.Stettner, 1989, 1991: generalization; discrete time
included.



The first time: often the answer is "yes"

Ergodic Filters

m 1971, 1991, H. Kunita: "yes" in diffusion model.

= Model:
Signal X; — ergodic Markov process valued in a locally
compact space.

m Observations:

aY; = h(X,)dt + dW,

m Claim:
lim E,,(f(X;) — Y (£))2

t—oo
does non depend on g,
the invariant measure of the filtering process is unique.
m L.Stettner, 1989, 1991: generalization; discrete time
included.
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The first time, sometimes the answer is "no"

Ergodic Filters

oo 1974, Kaijser : a counter-example

Kleptsyna

m X, - an ergodic Markov chain with S = {1, 2, 3,4}
m transition matrix

Historical survey

1100
110110
AN=35100 1 1

1 0 0 1

m observation (noiseless): Y, =1x,_1 +1x,—3

Result: there is no uniqueness, no stability

lim E,, (rh0" (x) — 7227 (x))? > C(uo, o) > 0.

n—oo
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m introduce the term "memory length" of filters;
m propose a programme of analysis of exponential
stability of filters using Lyapounov exponents.



At the same time, independently, |

Ergodic Filters

m 1991, Delyon & Zeitouni :
m consider finite state space ergodic signal or linear case;
m introduce the term "memory length" of filters;
m propose a programme of analysis of exponential
stability of filters using Lyapounov exponents.
m 1996, D.Ocone, E.Pardoux :

m consider Kunita’s model.
m Claim: The optimal filter is stable:

lim E,, (x4 Y (f) — 7Y (£))2 =0 VFfe Cp, 1o~ po.

n—oo

(the proof is crucially based on the H. Kunita result)
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At the same time, independently, I

Ergodic Filters

m 1997, Atar & Zeitouni
m consider discrete and continuous time, compact
valued Markov signal;
m use Birkhoff contraction principle.

m 1998, Atar
m considers continuous time, one dimensional

non-compact case, with linear observations and
sufficiently small noise in observations.

Historical survey
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A bit later
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2004 P.Baxendale, P.Chiganskii, R.Liptser
Serious gap in Kunita’s proof.
The Kunita’s proof was based on the following:

Historical survey

True or false

() Fo.o0) V Fino) = Fionoo)

n>1

for an ergodic Markov process X;?
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m state space S = {1,2,3,4};
m transition intensity matrix:

Historical survey

1 1 0 0
1 0 -1 1 0
A= 21 0 0 -1 A1

m noiseless observation: Y, =1x 1 + 1x,-3.



Nothing is clear

.
Keptyna. an ergodic Markov process X; with

m state space S = {1,2,3,4};

m transition intensity matrix:

Historical survey

m noiseless observation: Y, =1x 1 + 1x,-3.

Result: the answer is "False". Also, filter is unstable, the
invariant measure of the filtering process is not unique.
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Ergodic Filters

m Le Gland & Oudjane (2003) — discrete time, stability
properties under uniform ergodicity conditions.

m Budhiraja & Ocone (1999), Oudjane & Rubenthaler
(2005) — discrete time, small observation noise.

m Stannat (2005) Continuous time case, a gradient type
drift and linear observation part under additional
assumptions.

m Liptser, Chigansky (2005,2006,2007) — continuous
time compact case, exponential stability via
Lyapounov exponents.

m van Handel (2008)- Kunita’s proof is revised
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The model

m Markov diffusion process: dX; = b(X;)dt + dW;,
Assumptions m observation: dY; = h(X;)dt + dV;.

and main
result

The question

True or false:

Jm Eu [P () = P ()l = 07
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Assumptions, |

Ergodic Filters (AO) bis |oca||y bounded;
stenriko, (A1p) : the signal is recurrent
(Khasminskii-Veretennikov conditions):

p=0: Ilmsup<()|’> —r,r>0

Assumptions |X|—o0
and main
result or

p=1: lim (b(x), x) = —oc.

[X|—o0

(p=0): b(x) = —sign(x), b(x) = —x; ...

arctan(x)

(p=1): bix) =~ ...
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Assumptions, |l

Ergodic Filters

(A2) The function h is smooth enough:

heC? & ||Vh|oi < .

Assumptions

and main (A3) : Initial data is absolutely continuous.
result
H ditg e
duo |, oo (10)

(A4) Initial moments are finite:

/ec|x|uo(dx) < 00
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| Theorem

wenial  Under Assumptions (A0) — (A4) the following bounds hold:

result

oY\ pn,Y/. Cnt™", p=1, Vvm> 0,
EllPie (=P Ol < { G e, B0
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Conditional distribution, a particular case

Ergodic Filters A pair
Veretennikov,
e Let the pair (X, Y) be the solution of:
p )

dXs = b(Y, Xs) ds + dWs,
dYs = dBS,

with independent (W, B)

ations

Its first component

and let X;/’ be s.t. (with deterministic ) :

dX? = by, X¥) ds + dWis

Then the conditional law £(X | Y) is just the law of XV
with a substitution ¢ = Y.
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Veretennikov, i i
ey Diffusion process

Xy’ = b(y(t), X')dt + dW,  (t>0),

Then Exf(X{") expl[; c(s, X¢')ds] = u¥(0, x) is the solution
of:

ations

Cauchy problem

Us + Au/2 + b(y(s), x)Vu+c(s,x)u =0, u(t, x)=f(x)

Continuity properties of the solution w.r.t ¢) are known.
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The first boundary problem

Ergodic Filters
Veretennikov, A bounded domaln
Kleptsyna Let

Do :={ sup [X{|<R+1}.
0<s<1

Then Ey (1(Do)f(x;f’)) exp[fJ c(s, X)ds] = u¥ (0, x) -
solution of

Parabolic equations
and diffusion
processes

The first boundary problem

Us + %Au + b(y, x)Vu + c(s, x)u =0,

uw(1,x)=f(x); u¥(s,x)=0,0<s<1, |x|=R+1.
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Harnack’s inequality

Ergodic Filters

Veretennikov,

Kleptsyna Let u > 0 be a solution of the first boundary problem with
m uniformly bounded coefficients,

m final condition in a cylinder
{(t,x): 0 <t<1;|x] <R+1, }.

Variant of Harnack’s inequality: Krylov, Safonov, 1980

s u(0, x)
xl,lzl<r U(0,2)

where Cg depends only on R and on the upper bounds of
the coefficients.

— R
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Birkhoff metric
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Definition

The Birkhoff distance between positive measures:
(4 v) = Insup(du/dv) + Insup(dv/dy), if finite,

PEYIZ oo, otherwise.

Remark. It is a pseudo-distance, measuring the difference
between directions.
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Ergodic Filters

Comparison of total variation distance and Birkhoff distance

Veretennikov,

sl (Christophe Leuriden, private communication)
m For normalized measures p and v:

It = vl < p(p,v)

m The converse statement does not hold.

qu(x) = 1(xe[-1/2,1/2])
9 (x) = %'1(|X|6[6,1/2])+C'1(X€[—6,€])

Then ||l — v, =1 —2¢, p(u,v) = In(1 + 2)

&
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Two important properties, Il

SCEULAY  Birkhoff contraction for nonnegative kernels:
CECNEN et Q: M(RY) — M(RY) s.t.: pQ(dy) = [ Q(x, dy)u(dx).
Rd

Kleptsyna

2

Ccs—1 :
P(rQ, Q) < g, v), With

m (Krasnosel'skii, Lifshits, Sobolev)

q(x,y)
C=su , Q(x,dy) = qg(x, y)dy.
“3 GGy (x,dy) = q(x, y)dy

m ( Le Gland, Oudjane )

_qup QA
xX.Z.A Q(Z, A)'

C
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Ergodic processes in R, properties

Frocderiers B Hitting time estimates (A. Veretennikov, 1987):

Veretennikov,

Kleptsyna For # = |nf(t > 0: |Xf| < R)

Exzk < Cu(1 + |x|™) (Vm>2k;p=1),
Exexp(at) < Cexp(c|x|) (p=0).

Corollary
n—1
Let A(X), = > 11X < R).
k=0
Then (V0 < e < 1 and for R large enough)

Cmn_m, (p = 1)5

E1(MX), < en) < {Cexp(—cn), (p=0)
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The Bayes formula, part 1
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Veretennikov,
Kleptsyna

The classical Bayes formula, |

E(1(X € )L(X,Y) | F))

P(X €| F)=

9

EL(X.Y)| FY)
with op

L(X,Y)= —=(X,Y

(X, Y) dP( )



The Bayes formula, Il

Ergodic Filters

Veretennikov, Changing Of measure
Kleptsyna

Using Girsanov’s transformations and integration by
parts we change the measure:

(1]

dP N "

P exp[§ W (Xi) (Y = Yi—1) + B (Xe)(Yi — Yjg)
k=1

t
] / o(Xs, Y) ds],
2 Jo
with

c(s, x, Y) = [[(Ys= Y1) V()| ~2( Ys—Yis) " Ah(x)— | hl[? (x).
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Exact filtering algorithm — explanation

Ergodic Filters

m The density has a special form:
n 1 k

Ln = H eXp[h*(Xk)(Yk — Yk_1) + 2/k 1 C(Xs, Y) dS],
k=1 -

m The transformed process (X, Y) (w.r.t P) is nice:

dXs = (b(Xs) — (Vs — Yig)*Vh(Xs)) ds + dWs,
dYs - st,

with independent W and B.

m We are in the situation "Conditional distribution,
particular case"

m Now we can choose the continuous (w.r.t Y) version of
the conditional measure.

m Hence, we can use the first boundary problem.
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m Exact filtering algorithm via a nonlinear integral
operator

fit( o) = P () = 1oQ{ ()

m Its explicit form fi(A; o) = ci® [ Qi(Xo, A) duo(Xo), with
Rd
. o~
Qi(x0, A) = Ex,(1(X; € A)L«(X,Y) | F)

Qi(xp, A) can be found from the Cauchy problem.
m ¢/ - normalizing coefficient, gives the nonlinearity, (the
denominator in the Bayes formula).
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Strange conditional probability via the same operator:

PO () = 15Q) (1) = ¢ /Ot(Xo,A) dvo(Xo)-

Main question - reformulation

True or false:

tll[];lo EuoHMOQtY(‘) - V0Q;/(')HTV =07
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Sketch of the proof
m Coupling and separation
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A.Veretennikov, Lecture Notes, 2004

Ergodic Filt : i
rgodic Filters Coupling, doubling the space
Veretennikov,

B Consider independent couples (X, Y) and (X, Y) with
initial laws ﬁ(Xo) = Uo, ﬁ(Xo) = 1p.

Doubling the operators, |

m New operators on the space of measures on R2¢
fit(A x B; (po; 1)) = )
ci°c® | Qi(xo.Xo; A x B) dpo(Xo) dvo(Xo).
R2d
m with

Qi(X0, %o; Ax B) = Ex 5, (1(Xe € A, X; € B)

x L(X. VL(X, V) | 70|
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Ergodic Filters

Ytz Remark. The substitutions are well defined.

Kleptsyna

Comparison of measures

The following properties hold:
m it(A; po) = fir(A x R% (uo, o))
m it(A; o) = fir(A x RY; (v0, 110))

Comparison of distances

Ee(+s o) — fe(-ivo)l7y < MEe(: (10, v0)) — Be(5 (V05 120))] 7y
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Veretennikov, Pal'tltlon Of Unlty
Kleptsyna

For fixed R, n, and any non-random vector
§ € A ={0;1}"*" define

n—1

15(6X) = [T (D) x (1 =1(D))" ™,

=0
where

D; = {max (|x,-|,\5(,-|) <R,

i<s<i+1 i<s<i+1

max( sup |Xs|, sup |5(s]> <R+1}
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Multiplicative decomposition
Veretennikov,

Kleptsyna

n—1
15X, X) .= [[ 16(D))
i=0
with

15,(0;) = 1(6i = 1)1(D;) + 1(6; = 0)(1 — 1(Dy)).-

!

Partition of unity

1= 15X, X)

ISTAN
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Ergodic Filters

Denote by #1(¢) the total number of ones in § and by

n—1
#1(X)r:=> _1(|X| <R, sup [Xs|<R+1,)
k—o k<s<k+1

The following inequalities hold:

Separation of pairs, |

1+¢ 1+¢

n)+1(#1(X)g <

n)

Yo (X X) < 1(#I(X)R <

5: #1(8)<en
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Ergodic Filters

Veretennikov, Then (Ve > % and for R Ial’ge enough)

Separation of pairs,ll

Kleptsyna

Cmn_m7 (p = 1)7

EWl((#1(X)r < en) < {Cexp(—cn), (p=0)

The proof is based on the hitting time estimates, exponential
Chebyshev’s inequality and the fact that

g= sup Px( sup |Xs|>R+1)<1/2.
x:|x|<R 0<s<+1
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m The main inequality
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The main inequality
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0EA



An estimate to prove

Our goal is to prove the following inequality:

The main inequality

Ergodic Filters

Veretennikov,
Kleptsyna

[ [ Y0 o,
EpollBie(-: o) — e v0)llry < C D wE1OE,, 0070,
dEA
Cc2 -1
R
= 1
HR Cg +1 < y
u(0, x, X
C, = sup u(0,x, )
x5, 121,21<R U(0, 2, 2)

with u(s, x, X) - the solution of the first boundary problem.



First boundary problem, |

Ergodic Filters

Veretennikov, First bOUndary pr0b|em
Kleptsyna

1 1
Us + §UXX + EU}}‘(

+(b(x) — (s — ¥o) " V(X)) ux + (b(X) — (s — 10)"Vh(X)) Uz
-l-%C(X, X, )u=0,
u(1,x,X)=(1(x € A, x € B)
x exp[h*(x)(v1 — o) + " (X)(¥1 — vho)]
u(s,x,x)=0,v0<s<1, max(|x],|x| =R+ 1),

with a replacement ) = Y.
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Separating events, 2

Ergodic Filters

The term etY;‘s;“O"’O in the main inequality is defined by:

Probability separator, definition

ety;g;uo,l/o = E,LLo,VO(16(X’ 5() ’ Y7 Y/)‘?:Y

Remark. This term will be the normalizing coefficient.
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Theorem 1, sketch of the proof, 1

SR We split the sum in the main inequality (Ve > 0):

>t )

0:#1(0)>en  6:#1(8)<en

and we estimate both terms:

| ]
#1(6 Y8 p05v0 en
Z a0 ( )ENOen = Kp
5: #1(8)>en

> W OB, (Buon(15(XX) | Y, ?)‘Viy)
§:#1(8)<en =

< Z Euo (Euo,l/o(“(x’ 5() Y, V)’?=Y> '
8 #1(8)<en



Theorem 1, sketch of the proof, 2
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m We can finish the proof:

EMO (EMO:VO ( Z 15(X7)~() | Yv ?) VY)
5: #1(8)<en
<E, (EMO (1(#1(X)R A ;%) | Y>)

+E,, <E,,0 (1(#1(50/? <! Zgn) | y) ‘ )

Y=y
(because X does not depend on Y, nor X depends on Y).

m the inequality "separation of pairs" has been used.
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Theorem 1, sketch of the proof, 3

Ergodic Filters

We estimate the first term

. (B (101008 < 155001 V)

—E, (1(#1(X)R < Z%)) .

we can use the "Separation of pairs, II”.
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Next, we estimate the other term, using the absolute
continuity of the initial measures:
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E
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m Sketch of the proof, part 2
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Coupling method, part 1

New operators, 2

SCUEA  How can we prove the main inequality?
Define new linear operators on the space of
non-normalized measures on R??

Mt(A x B; (,uo, 1/0)) = /de Qt(Xo, y(o; A x B) d,u,o(Xo) dl/o()?o).

with the same kernel Qy:

Qt(Xo,)N(o; A x B) = /E\Xo,)?o(-l(Xt S A, 5(1 S B)

x L(X. VL(X, V) | 70|

We have

fit(A x B: (110, 0)) = 6{°¢[° ju(A x B; (1o, 0))

Sketch of the proo,
part 2
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Using the partition of unit we obtain the following
decomposition:

put(A % B; (110, 10)) = > 13 (A x B; (110, o))

deA

with

13 (A % B; (10, v0)) = /RZd Q) (X0, Xo; A x B) duo(xo) dug(%o).
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Separating events, 2

New operators, 3

Ergodic Filters

Using the partition of unit we obtain the following
decomposition:

put(A % B; (110, 10)) = > 13 (A x B; (110, o))

deA

with
13 (A % B; (10, v0)) = /de Q) (X0, Xo; A x B) duo(xo) dug(%o).
and with the kernel Q;:

Q) (X0, ¥%o0: Ax B) = Ex, 5,(1(Xe € A, X; € B)15(X, X)

x Li(X, Y)L(X, V)| F°1) oy



Probability separator, again
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We see that the normalizing coefficient is exactly the
etY;&uo,Vo:

Probability separator, Il
& 1o = B uy(15(X, X) | ¥, ¥)|
t : Hoso\ O\ ) V_y

= ¢} uf (R?Y; (10, 10))

Sketch of the proo,
part 2



Recursion, |

Ergodic Filters
Using the Markov property of X; we find the recursion (with

Zt = (Xt, Xt)):

M(rs;n(dzn) = Qan(zn—1 ) dzn)d/j:,n,]1 (2n-1),
R2d
with
n
an(zn_‘] 5 D) - Ezn_1 1 (Zn S D)15n (Dn) eXp[/ C(S, Zs, Y) dS]
n—1

with

Sketch of the proo,
part 2

Dn = <|Zn1|SR7 Sup |ZS|<R+1>7

n—1<s<n
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Ergodic Filters
We can estimate the total variation norm:

[l 72+ ) — fe(; )HTV
< > Ml (0, v0) = 11 (v, 10) |7y
dEA

with normalization

14 (1o, o)

(v, o) = — 55—
111 (R?9; 1o, 10)

Sketch of the proo,
part 2



Comparison of distance,2

Ergodic Filters
We can estimate the total variation norm:

[172¢(-; (10, v0)) — (5 (v0, 120)) I 7y

< cocl® > lluf (o, vo) — 1 (vo, 110) Iy
sen

Yi0;k0:00 || A6 N
= e M| 5 (o, o) — fi (o, 0l
sen

with normalization

11 (110, o)

~o
(v, o) = —mpg———
17 (R2; o, vo)

Sketch of the proo,
part 2



Using the Birkhoff metric, 1

Ergodic Filters

Using the properties of the Birkhoff metric we see that

Birkhoff metric, 1st property.

1729 (10, v0) — A8 (vo, 10) Iy < P (105 v0): fif (o, 10))-

Sketch of the proo,
part 2



Using the Birkhoff metric, 2

Ergodic Filters

and that

Veretennikov,
Kleptsyna

Birkhoff metric, 2nd property.

(1510, 10); (10, 110))

=p (u‘f,(um v0); Hir(vo, Mo)>

< H‘;”P (Mfm (110, v0); 151 (v0, Mo))
< Crf,

with
k = #1(0)

Sketch of the proo,
part 2

which gives the desired inequality. QED
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